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Radiative Melting of Materials

with Melt Removal
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Nomenclature
c =heat capacity per unit volume of the material,
keal/m3K
H =heat flow vector, kcal/m?
H* = dimensionless heat flow vector = kcH/eoT?,
H =time rate of dimensionless heat flow vector
k =thermal conductivity of the material, kcal/mhK
L =latent heat of the material, kcal/kg
m =dimensionless thickness of the melt removal
= €0 T',;n qz / k
m =time rate of dimensionless thickness of the melt
removal
q, (1) =unknown surface temperature, K
q, (1) =unknown penetration depth, m
q; (1) =unknown thickness of melt removal, m
S, =inverse of Stephan number =pL/cT,,
t =time, h :
T =temperature, K
X =direction in which heat is applied, m
o =thermal diffusivity of the material, m?/h
€ =emissivity of the material
G = Stephan-Boltmann constant, kcal/M2 hK*
7 = dimensionless penetration depth, eaT3,q, /k
7 =time rate of dimensionless penetration depth
£ = dimensionless direction in which heat is
applied=eoT3,x/k
P = density of the material, kg/m>
0 = dimensionless temperature = T/T,,
8, =dimensionless surface temperature=gq, /T,
T =dimensionless time =€ ¢ T%,t/ck
Subscripts
a =conditions of the surroundings
i =initial condition
m =condition at-initiation of melting
s =steady state
Introduction

ELTING of solids due to radiative heating with the

removal of melt after its immediate formation on the
surface of the solid is of importance in the design of thermal
protective systems for missiles and space vehicles and in the
control of the movement of consumable electrodes. The
heating occurs when a large temperature difference exists
between the solid and the surroundings and is preceded by
melting. Although the premelt heating remains for a short
time owing to the rapid buildup of surface temperature to
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reach the melting temperature of the solid, its effect cannot be
ignored. The mathematical model for this problem is
nonlinear. In the premelt heating regime, the nonlinearity is
caused by the radiative heating, whereas in the melting with
the melt-removal regime, it is due to radiative heating and a
moving boundary. Its solution is difficult to obtain unless a
finite difference solution procedure is applied. Even so, the
numerical technique requires large computer time and yields
numerical results that are restricted to those values of
parameters for which they are calculated. Consequently,
approximate analytical analyses become important. Such an
analysis, called Biot’s variational method, has been employed
by several workers to solve the melting problems with!? the
removal of melt. For such a problem,? this method has given
closed-form solutions.

The present problem is concerned with heating and melting
of solids when subjected to radiative heating. The melt is
removed as soon as it is formed on the surface of the solid.
Using Biot’s variational method, solutions are obtained in
closed form for both the premelt and melt-removal heating
regimes. Numerical solutions are also presented.

Theoretical Analysis

A solid body initially at a constant temperature 7;, which is
less than the melting temperature T,, of the solid, is con-
sidered in the form of a semi-infinite solid of uniform cross-
sectional area. The surface (x=0) is subjected to one-
dimensional radiative heating which causes a buildup of the
surface temperature and penetration of heat within the solid.
If g,(¢) and g, (¢) denote, respectively, the surface tem-
perature and the thermal penetration depth at time # measured
from the initiation of heating, both increase with increasing
time and eventually g, (f) =T,,. At this temperature, the
penetration depth becomes g,, (f). The heat transfer
equation describing such a premelt heating regime (0<?=<¢,,)
in terms of nondimensional variables takes the form

320/3E? =98/07 (¢>0, 0<7=<1,) (¢)

In this regime, the thermophysical properties of the solid
are assumed to be uniform. The associated nondimensional
initial and boundary conditions are

- 0=9, (n=0, 7=0) )

90/0E=01—07  (£=0, 6,>0,, 0<r=<7,) ®3)
3070t =0 (0=06,, t=m, O0<r=rt,) @

With the continued heating of the solid beyond the time
(t>1t,) required for the surface x=0 to reach the melting
temperature of the solid, melting occurs and the melt is
removed immediately upon its formation. With g, (¢)
representing thickness of the melt removed at any time
t(t>1t,) and g, (¢), the thermal penetration depth measured
from the newly formed surface, the heat transfer equation in
nondimensional form for the solid with constant ther-
mophysical properties is written as

020/982 =080/97 (E>m, 7>71,) )

whereas the initial and boundary conditions are

0=1 (m=0, N=Nms T=Tp) ©
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0=0; (¢ =m T=1,) @ Since the temperature distribution [Eq. (11)] and the heat
) flowfield [Eq. (13)] are known, the following equation®
=1 (£ =m, T>7,) 8) derived from Biot’s variational method is employed
30/3E=0 (§= m+y, T>7y) )

and in the melting process,
O —1)=[(1-8;)+S,1m+dH*/dr ((=m,7>1,) (10)

It is noted that Eq. (10) is obtained from the fact that the heat
supplied by radiative heating is equal to the heat required to
melt the solid to a depth m and to raise the temperature of this
layer from its initial temperature to the melting temperature,
plus the heat penetration to the depth % measured from the
newly formed surface. Equation (3) of the premelt heating
regime and Eq. (10) of the melting process are derived on the
assumption that the solid is opaque to thermal radiation.

Solution

To use Biot’s variational method in both regimes, a tem-
perature distribution in the solld is approximated by the
expression

0—0;=(6,—0,)[1—(£—m) /9]’ an

Such a cubic profile has been shown to give reliable results in
earlier studies.! The surface temperature, 6,, the thermal
penetration depth 5, and the depth of melt removal m act as
unknown generalized coordinates in the variational method
and are determined as functions of time. Equation (11) yields
the temperature distribution for the melting with the melt-
removal regime, where the surface temperature represents the
temperature of the newly formed surface after the removal of
the melt to the depth m and remains at the melting tem-
perature of the solid. The penetration depth denotes the
" distance from the new surface. In the premelt heating regime,
although the surface temperature rises with time, it does not
exceed the melting temperature of the solid nor there is any

7= (9/20) [(63—20,8,+67) /(84 ~ 01
-1/(6,

~C,((0,-6,)/6,

—CmB3(02+07)/62(62+03) —~C,; {1/(624+607) —1/(02+07) 1 +C,(0,/(62+62) —6,/(62+62) ) +C,;{tand, /6,

where
C,=(3B—-A0,)/40%, C,=—(240,+2B+B6,) /403,

Cs=(B—A0,)405,

formation of melt (m=0). When values for §, and » are
substituted in Eq. (11), it provides the temperature
distribution for this regime with the penetration depth
measured from £ =0.

The conservation of energy in nondimensional form is

div H* = — (§—0,) (12)

Equation (11) together with Eq. (12) gives the heat flow-
field

H*=Yin (0, —6,) [I— (§~m) /q]* (13)
It satisfies the boundary condition [Eq. (4)] in the premelt

heating regime, and Eq. (9) in the melting and melt-removal
regime.

)—-02(0,— 1)/ (64~0H1+C,(1/6,—1/8;) +Cyn8;(8,—6,)/6,(8,

C,=(B+A6,)/49%,

C,=2B/0%, Cy=C,=B/863, Ciy=A/20%, C;=A/202, C,,=B/2§%,

g:m {(0 0)—+HaH*}d£ {(9“""%}5:,,, (14)

Using Eqgs. (11) and (13), Eq. (14) in the unknown generalized
coordinate 7 becomes

a[(4/112)7(8; —6;) + (11/12)h (6, —6;) + (3/144)né, ]
=(5/14) (6, —6,) ' as)

A. Premelt Heating Regime (r<71,,,9<79,,,0; <1)

In this regime, 8, is a function of time and its value is less
than the melting temperature of the solid. As a result, there is
no melting and the melt is not formed, g1v1ng m=m=0.
Equation (15) reduces to

4[(9/8)i(8; =0;) +(21/32)16;1=45(6,—6;)  (16)
Since it contains two unknown generalized coordinates 6,
and n, a second relation between these two coordinates is
obtained using Eqs. (3) and (10).
n=3(0, —6;) /(85 —07) an
This equation gives the value for the maximum penetration
depth (n=7,,) when 8, =1.

Substituting Eq. (17) into Eq. (16) vields an equation for the
surface temperature

[(57/63) (8, —6;) (6% —6%) + (144/63)63 (8, —6,)214,
=(40/63) (0% —01)° as)

The solution of Eq. (18) gives surface temperature time
history in closed form

—0,)+C,(1/(8, —o,)

=01 +Cy{(8,40,) 10, = (8,+6,)/6,) +Csfud, (0, +9 )70, (0,+6,) +C{(8,/(8,+6,) =6,/ (i, +6,) )

(8,40, 16,1 +Cy{ (9, +6,)2/63 — (6, +6,)2/63) —Cy{(8,—6,)2/87 — (8, —06,)2/67)

—tand,/0,}
19

C,= (A8, —3B) /4935, C;=(3B—2A0,)403,

C,;=3B/263

with

A=21/16002 B=(3607-576,) /16002

This equation satisfies the initial condition [Eq. (2)]. To
obtain the numerical solution of Eq. (18), it is integrated using
Simpson’s rule with the limit of integration varying from 8; to
1. This limit is divided into 100 parts, each part being equal to
0.01(1—6;). Such a procedure has been shown to yield ac-
curate results 3

B. Melting and Melt-Removal Regime (7> 71,,,9>1,,,0,=1)
In this regime, 6, =1, 0, =0, and m is a function of time.
Using these, Eq. (15) becomes

(2804 + 77 riy) = 280 20)
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Fig. 1 Behavior of surface temperature, thermal penetration depth,
and melt removal with time for different values of the parameter S,.
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Fig.2 Comparison between the present solutions and those of Ref. 4
in the premelt heating regime.

It contains two unknown generalized coordinates 5 and m. An
auxiliary equation? relating these coordinates is obtained
using Eqs. (10) and (13).
(01—1)=[(1—0,)+5, 11+ % (1—6,)7 @1
Equation (20) together with Eq. (21) gives
= (A;—Am)/Am (22)
m= (Asn—Ag)/Am (23)
where
A,;=280[(1-0;)+S,1, A,=[35(1-0,)+1125,1/4,
A;=77(0%—1), A,=4A, A,=112(6%—1I),
Ag=280(1-96,)

Solving Eq. (22), its solution in closed form is given by the
expression

7=7,+ (A;/A3) (0, —1)
(A ADR(A, A, /(A= Agn) 4

It satisfies the initial condition [Eq. (6)]. Combining Egs.
(22) and (23) yields

/iy =dm/dy=A,(Asn—As) /(A —Agn)A, 25)
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Its solution gives a relation between m and 7 as
m= (AJ/A§A4) [A;A5(n, —n)
+ (A;A5—AAs)(A;—Asn,) /(A —Asn) ] (26)

When the time rate of depth of penctration becomes zero
(7=0), Eq. (22) reduces to

n=n,=A,;/4; 27

For the melting and melt-removal regime, it gives the
maximum penetration depth because it satisfies the condition
d?»n/d72 <O0. It is the solution of the steady-state penetration
depth since 7 does not assume a negative value after this
condition is attained. In this situation, the melt removal can
be obtained using Eqs. (26) and (27).

Results and Discussion

Results obtained from the present analysis for time-
dependent penetration depth, depth of melt removal, and
surface temperature are shown graphically in Fig. 1 for both
regimes. Regime I denotes the premelt heating regime and
regime II represents the melting with the melt-removal regime.
Regime I depends on initial temperature of the solid and the
temperature of the surroundings, whereas regime II is con-
trolled by a parameter S, besides its dependence on these
temperatures, which are taken to be 0.1 and 1.3, respectively,
in the plot.

In regime I, Fig. 1 suggests that during the initial period of
heating, the penetration depth increases very rapidly with a
rapid increase in the surface temperature. This increase,
however, shows with further elapse of time, and the surface
temperature attains the melting temperature of the solid.
Also, the premelt heating penetration depth %, assumes a
value of 1.456. This can be obtained using Eq. (17).

Figure 2 exhibits close agreement when these results are
compared with the results of Goodman’s approximate
analysis based on a heat balance integral method.4 However,
the latter method overestimates by 4% the time for the surface
to reach the melting temperature of the solid in comparison
with the present method, even though a cubic temperature
profile is taken in both methods. The relation between
penetration depth and surface temperature given by Eq. (17)
is the same as that obtained by Goodman’s method.

The melting and melt-removal regime represented by
regime II in Fig. 1 is a function of the inverse of the Stephan
number. In the plot, the values of S, are realistic for ablating
materials.® It is observed that in the beginning of melting
both n and m increase rapidly, for each value of S, and m
attain the steady-state value as n approaches the steady-state
value. This result is found by employing Eq. (27). When S,
increases, 7 increases at any time 7, but the corresponding
melt removal m decreases. This type of behavior was also
observed by the present author for convective heating.3

Conclusions

The applicability of Biot’s variational method has been
extended to a problem of heating and melting with melt
removal due to radiative heating. Solutions for both the
premelt heating and the melting regime are found in closed
form with the latter regime a function of the inverse of the
Stephan number. In the premelt heating regime, the validity
of the present results is demonstrated by comparing-the
present results with the results of a heat balance integral
method. '
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ARIOUS authors have worked on the optimum design of

waffle cylinders!8 with orthogonal and spiral stiffener
configurations. This Note presents results of minimum weight
design studies on six types of stiffener configurations for a
given load intensity, cylinder length and radius (including a
cylinder with bonded shell-wall construction). In the bonded
construction thin sheets are folded so as to give a series of
unidirectional stiffeners. Two such sheets are then bonded on
either side of another thin sheet. so that the stiffeners are
placed orthogonally. Assuming perfect bonding such a
cylinder can be treated as orthogonally stiffened.

The optimum equivalent thickness of a cylinder has been
obtained through structural synthesis. The interior penalty
function method? has been used with multiple starting points.
The failure modes considered are: gross buckling,10.1!
buckling between circumferential stiffeners, local buckling of
skin, 1912 jocal buckling of axial and spiral stiffeners,?-'* and
yielding of the cylinder material. For a meaningful com-
parative study of the designs, the upper and lower limits of the
design variables have been prescribed on a uniform basis
(Table 1).

The fixed parameters for the designs have been taken as:
cylinder length=406.4 cm (160 in.), cylinder radius =152.4
cm (60 in.), design load=1755.55 N/cm (1000 Ib/in.),
E=17.326 %105 N/cm? (10.6 x 10% psi), Poisson’s ratio=1/3,
and yield stress =49,763.6 N/cm?2 (72,000 psi). The results of
the design studies are given in Table 2. For orthogonal stif-
fening the designs of Ref. 6 are lighter than those of the
present study. The differences are due to the fact that in Ref. 6
the axial and circumferential stiffeners have unequal depths
whereas in the present study the depths are equal. Stiffener
depth is the most effective parameter in increasing gross
buckling load. In automated design procedure, therefore, the
stiffener depths tend to be large. With a large axial stiffener
depth being restricted ‘by stiffener buckling, circumferential
stiffener depth tends to be large. This behavior can be ob-
served in design study 6 (see Table 2) where d, has moved very
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Fig.1 Spiral-cum-axial type stiffening.
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Fig.2 Spiral-cum-circumferential type stiffeningt

close to the prescribed upper limit. Since in the present study
axial and circumferential stiffener depths are the same, skin
thickness, the second most effective prarameter in increasing
gross buckling load, tends to be large making the designs
heavier. For spiral type outside stiffening the design of the
present study is lighter than that of Ref. 6. The reason may be
attributed to the higher estimation of skin buckling load in the
present study.

Outside stiffened waffle cylinders are found to be lighter
than inside stiffened cylinders. Spiral-cum-axial (Fig. 1) and
spiral-cum-circumferential (Fig. 2) stiffener configurations
resulted in designs heavier than those with spiral stiffener
configuration. For outside stiffener location, spiral type
stiffening gives the lightest design followed by spiral-cum-
circumferential type. stiffening. For inside stiffener location,
spiral-cum-orthogonal type (Fig. 3) stiffening gives the
lightest design followed by spiral type stiffening. Among all
the stiffener configurations considered for the waffle cylinder
studied, spiral type outside stiffening gives the lightest design.

Folded sheet stiffening (Fig. 4) with axial stiffener on the
inside (and circumferential stiffener on the outside) gives a
design lighter than that with axial stiffener on the outside. It is
also seen that folded sheet stiffening with axial stiffener on
the inside gives a design which is only 0.85% heavier than that
for spiral type outside stiffening.

Although the design studies have been limited to one
cylinder and one load intensity, the studies demonstrate the
significant effects of stiffener configurations and stiffener
location on the minimum weight of a waffle cylinder. The
result of the design study on folded sheet stiffening, the
construction of which is likely to be cheaper than waffle
construction, is encouraging.



